1. In this note I present an algebraic method for constructing basic sets of polynomials which are solutions of a linear homogeneous partial differential equation with constant coefficients. This method generalizes and unifies several known results (see §3).
Let E = Rn (n>\) be the euclidean space of dimension n, whose points shall be x=(xi, and let a be the ideal of V£ generated by a. Let Aj = ar\N,E be the j-th homogeneous component of a; clearly ^4y={o] for j<m. For xEE let the element x\/ ■ ■ ■ Vx (j factors) of V'E be written as x' (this is not to be confused with xJ, which is a scalar). We have 2. Consider now the quotient algebra Q = ^E/a, which is a graded algebra whose homogeneous components are the vector spaceŝ I'E/Aj. Let 6 be the canonical homomorphism of V-E onto Q, then it follows from (4) that the components of 9(x>) with respect to a given basis of V'E/Aj are homogeneous polynomials Y,-of degree j in Xi, • • ■ , xn which satisfy the algebraic relation Z)Fy = 0.
In particular let Qj he a supplementary subspace to Aj in V'E. Then Qi is canonically isomorphic to V'E/Aj, with which we identify it, and 9 becomes the projection of V'E onto Qj, parallel to Aj. those solutions of (6) for which at least one relation ji<m° holds, is the difference (5).
The components YJ of 9(x') with respect to the basis e? of Qj are linearly independent, since every one of them contains exactly one term xJ in which at least one j; verifies j,-< m° and no two different polynomials Y3} contain the same term of this type. On the other hand there are at most (5) linearly independent homogeneous polynomials Yj of degree j which satisfy DYj = Q, since there are altogether Cn+j~i,j linearly independent homogeneous polynomials of degree j and DYj = 0 gives Cn+j-m-i,j-m linear relations among the coefficients of Yj. These relations can be seen to be independent if we order D lexicographically according to M and D Yj according to the exponents of the x< [8, Footnote p. 428].
Let us observe finally that the relation 8(x'+k) -8(x')8(xk) yields recurrence formulas between the Yj. It is evident from the above construction that for n = 2, m = 2, the polynomials are the real and imaginary parts of (xx+ix2) ' [6] .
The present method for obtaining the polynomials (7) in the case m = 2 figures in my paper [2 ] , where it is used to calculate the Fourier [August transform of F,(x)-|x|~n, where F;(x) is a homogeneous harmonic polynomial of degree/. At that time I had no knowledge of the work of Miles and Williams, but the present article grew out of an effort to obtain a noncomputational proof of their results [5; 6; 7; 8; 9] and to extend them. A very similar construction to the present one has been given by Protter [10] in the case n = 3. He obtains all the powers x> at once by considering the function exp x= Z^x'/jl. Still another similar construction figures in an earlier paper of Whittaker have been established by Wicht [12] .
We could treat in a similar way the k times iterated Laplacian (m = 2&) in n variables.
(4) Let us consider the operator
The basis of Q, is now j y_i y_2 2 ei, ei e2, ei e2
and to find the components of x'EQj we use the relation We have now ex+ie2 = 0, every Qj has dimension 1, basis e{, and (xex + ye2) = (xex + yiex) = (x + iy) ex.
The homogeneous polynomials corresponding to (12) are (x + iy)1' = z'\
